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In this work the coupled conduction/radiation heat transfer pro-
cess in a nonconvex and black cylindrical body is simulated. This
nonlinear process is mathematically described by a partial differen-
tial equation subjected to a nonlinear boundary condition that repre-
sents the coupling between the conduction heat transfer and the
thermal radiation heat transfer on a body boundary. The solution
of the problem is reached as the limit of a sequence whose elements
are obtained from the minimization of a functional. In this work the
elements of this sequence are approximated by finite elements.
Some particular cases are simulated and the results are compared
with the ones obtained under the (usual) constant temperature
hypothesis. © 1996 Academic Press, Inc.

1. INTRODUCTION

The mechanism for energy transfer in bodies surrounded
by an atmosphere-free space is a combination of conduc-
tive heat transfer and thermal radiative heat transfer [1].
For nonopaque bodies this combination takes place in the
entire body [2, 3] but, if the body is opaque, the coupling
between conduction and radiation occurs only on body
boundary [4, 5].

The subject of this work is the energy transfer process
in a rigid, opaque and nonconvex body surrounded by an
atmosphere-free space.

This coupled conduction/radiation heat transfer process
is an inherently nonlinear phenomenon, where the cou-
pling between conduction and radiation on the body
boundary is mathematically represented by a nonlinear
relation between the absolute temperature and its exterior
normal derivative. The unknown is the temperature distri-
bution in the body.

When the heat transfer process takes place in a noncon-
vex body, the mathematical description becomes consider-
ably more complex, since there will exist a direct thermal
radiant interchange among subsets of body boundary. This
interchange plays the role of a nonlinear temperature-
dependent external source. In other words, the external
energy supply on body boundary depends on the tempera-
ture field of this same body.

The inherent nonlinearity associated with nonconvexity
gives rise to a class of complex and interesting mathemati-
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cal problems, which is the main subject of this work, with
a broad range of applications.

The main objective of this work is the (local) simulation
of the steady-state conduction/radiation energy transfer
process in a nonconvex body surrounded by vacuum, em-
ploying a systematic procedure which is reliable and ade-
quate to the simulation of any conduction/radiation heat
transfer problem in black bodies, and which provides only
physically admissible solutions [4].

The simulation of energy transfer processes involving
thermal radiation is in general carried out with the aid of
several simplified approaches. The most common is the
constant temperature approximation [6-8] in which the
body is assumed to be isothermal. The linearized approach,
where it is assumed the existence of a radiation heat trans-
fer coefficient, is also usual, especially when there exists a
convective heat transfer too [9].

In order to present concrete results to illustrate the effect
of the nonconvexity and the consequences of the usual
constant temperature approximation, the energy transfer
process in a rigid and nonconvex (cylindrical) body will
be considered. The body will be represented by the set

Q ={(x,y,z) € R*such that
Ri<x*+y?<R},-L<z<lL}

with boundary dQ) = 9Q; U 90, U 9Qy U 9Q; in which

Q0 ={(x,y, z) € R®such that
x2+y?=R}, - L<z<L}
a0, ={(x, y, z) € R¥such that
x>+y?=R}, - L<z<lL}
aQy U 0Q, ={(x,y, z) € R¥such that
R} <x*+y*<R}
andz=—-Lorz=L}
as it is represented in Fig. 1.

In order to simplify the mathematical problem the body
will be assumed black (the black body does not reflect
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FIG. 1. The considered body.

thermal radiant energy). The black body assumption is
physically reasonable for surfaces with high emittance (e.g.,
wrought iron oxidized — & = 0.94, silica — & = 0.85, black
lacquer paint — & = 0.93) because these surfaces absorb
almost all the incident thermal radiant energy [6].

It will be assumed that the body dissipates energy (for
instance, due to the presence of electronic devices). This ef-
fect will be modelled as a source term in the partial differen-
tial equation which governs the heat transfer inside ().

Since the subset 9€); C 9} is not convex the thermal
radiant energy leaving d{); can reach, directly, Q);. In
other words, each point (x, y, z) € 3£, is heated by a
part of the thermal radiant energy which leaves (). This
temperature-dependent effect, taken into account in the
boundary conditions, increases the effort needed for simu-
lating the problem.

A numerical simulation for this problem employing a
finite element approximation will be presented. The results
obtained will be compared with the ones obtained under
the assumption of constant temperature.

The solution to the problem is given by the limit of a
sequence whose elements are obtained from the minimiza-
tion of functionals that are different from the usual ones
employed in mechanics. They are not quadratic. Each of
these elements represents the solution of a conduction/
radiation heat transfer problem with a prescribed external
thermal radiant source (instead of a temperature-depen-
dent thermal radiant source). The limit of the sequence is
the solution of the considered problem with a temperature-
dependent thermal radiant source [4].

2. RADIATIVE TRANSFER FROM/TO 902

According to the Stefan—Boltzmann law, the amount of
thermal radiant energy (per unit time and unit area) emit-
ted at a given point (x, y, z) € 9Q) is given by [1, 6]
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E=oT* T=1Txy,2), (x,y2) € (1)
in which o is the Stefan—-Boltzmann constant and 7 is the
absolute temperature field. On physical grounds, 7" must
be nonnegative everywhere.

Since the subsets 9(),, d{)y, and 9{); cannot receive
thermal radiant energy from the body, the heat loss (per

unit time and unit area) is given by

T=1T(x,y,z),
(x, Yy, Z) S 892 U BQU @) GQL

— 4
Graa = oT 5

)

The heat loss from 9€); is not given by (2), since the
energy leaving this surface will, in part, reach itself. Hence,
the heat loss from 0(); is given by the difference between
the emitted thermal radiant energy (given by (1)) and the
incident thermal radiant energy on d{);. In other words,

Clrad: O-T4_H’ T: T(X,y, Z)a

A 3
H=H(x,y,z), (x,y,2)€d 3)

in which H is the incident thermal radiant energy per unit
time and unit area on 9();.

The field H is given by [1]

H=H(x,y,z)

:J' o O'T(x',y’,z’)4k(x,y,z,x’,y’,z’)dS’, (4)
(x',y'",z" )€

(x,y,2) € 9y
in which, assuming that 7" depends only on z and r (r =
(x* + y*)2 is the radial variable), the kernel K(x, y, z, x’,
y', ') may be expressed as
K(x,y,2,x",y",2")
1 (z —z7')* +6R}
=— |(1=-1z-72 5
477R%[ Iz =2 <[(z —yerarre)| @
for (x,y,z) € 9Qyand (x',y’, z") € 9

3. CONDUCTION HEAT TRANSFER INSIDE Q

Since the body is rigid and opaque (black) the energy
transfer mechanism inside () is conductive heat transfer.
The steady-state conductive heat transfer in () is governed
by [10]

-Divq+4¢=0, q=—kGradT, (x,y,2)€Q (6)
in which q is the conduction heat flux per unit time and
unit area, k is the thermal conductivity (assumed constant),
and q is the internal energy supply per unit time and unit
volume (assumed constant and positive).
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4. THE COUPLED CONDUCTION/RADIATION
HEAT TRANSFER

The mathematical description for the considered heat
transfer process is obtained when (6) is regarded, together
with the continuity in the normal heat flux on 9().

Since §/k is a constant and the body is cylindrical, it
seems to be more convenient to work with cylindrical coor-
dinates. Hence, taking into account the radial symmetry,
the mathematical problem may be represented as

19 oT\  &*T ¢
——\|lr—=|+—=++= <r< <z <
rar<r 8r> pycials 0, Ri<r<R,,0<z<L,

—k%—j=o-T4 forr=R,,0<z<L,

g—z=0 forz=0R <r<R,,

(7
oT .,
—kgz ol* forz=L,R,<r<R,,
aT 4 L T AYYE 74 ’ 7% ’
k=0Tt = [ oT(R, 2 (R(z,2) + R(z, 7))
27R,dz' forr=R;,0<z<L.
5. DIMENSIONLESS FORMULATION

At this point it is convenient to introduce the definitions

r z
= _Zz 0
AR )
_Ri R1 K
Y1 = I’ Y2 = L’Oé_(rq°3L7 (10)
k
- d 11
= (31) (1)
and rewrite problem as
d rewri blem (7
19 (.06 020
E%<QE>+5?+1=Q Y1 <E<y,0<n<1,
_?9_220‘64 foré=v,,0<n<1,
2—f]=0 forn=0’71<§<,yz’
30 (12)
_8_7):0404 form=1,9,<&<vy,,
a_a_ *— ' ol 14 K ’ ’
3§_a0 Joae(Rl’n)K (n,m')dn

foré=v,,0<n<1,

in which 6 = (¢, n) and
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, 1
K*(n,n)=2—yl{2

(n—m)’+6vi ) (13)

- |71 - | <[(77 _ n/)z + 4,),%]3/2
_| + /| (77"'77’)2""6’)’%
TN+ ) iR

6. CONSTRUCTION OF THE SOLUTION

The solution, 6, to (12) is the limit of the sequence (WO,
Pl w2 P3) ). The term W7 (VP = WP(£ 7)) is obtained
from the minimization of the functional I”[u] given by [4]

1 Y2 2 2 Y2
17[u] :ELI ﬁ)[(%) + (%) ]gdndg—fy] [Lugdnag
o] [Palubsae| +L|[!asan]

1
+§[ j;awgdn]f_h _ [ j;hpugdnl_ﬁ

in which

(14)

2

h = (o) = [ al¥r oy 1K) dn (1)

with ¥° = 0.

Taking the first variation of /”[u], the following Euler—
Lagrange equation and natural boundary conditions are
obtained,

1o (,0¥r)  o*¥r
——|ée— |+ +1= <é< <n<
§a§<§ ag) Py 1=0, m<&<y,0<n<l,
P
—%= a|PPPw?P foré=vy,, 0<n<l,
P
&:0 forp=0,y1 <&<,
am
P
ST = WP forn =1Ly <<y,
owr TR
= = alwrPwr — [ ¥y, ) K *(n, ') dof
a¢ 0
foré=v,0<n<1, (16)
in which the (weak) solution W? minimizes I”[u].
Since a > 0 and
j(’] K*(n,m)dn <1 foranyne[0,1]  (17)

the sequence [W°, !, W2 . ]is such that
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Prg )y =vrign=--->¥ (&) =0;
'}’1<§<')’2,0<77<1>

(18
and has as its limit a nonnegative function (denoted here
by ¥*) that is the unique solution of (12). In other words
6 = ¥~ is the unique solution of problem (12) [11].

Hence, the solution of (12) (denoted here by 6) may be
reached through the minimization of the functionals 7'[u],
I*[u], I’[u], ... defined by (14). This assertion is proved
in [4].

7. THE CONSTANT TEMPERATURE
APPROXIMATION

Frequently, for engineering purposes energy transfer
problems like the one considered here are regarded under
the assumption that the body temperature is constant. This
approximation may be reached by assuming that the admis-
sible fields u are constant (when minimizing I?[u]).

The constant temperature approximation 6. will be
the limit of the sequence [W2, !, w2 w3 ] (in which
W2 = 0) whose elements are given by

Y1+ o2y,
aly? -

(19)

v {v% - — 2R+ )2+ 2]<~1ﬂs-1>4}“4

Y1+ 2y, + 2vy]

In this case the limit of the sequence is given by

]}1/4. (20)

These results will be used for comparisons with other
approximations (to be constructed by finite elements).

0. =lim V7 =

po®

Y2~ V1
alys = yi+ 2y, +2(yi + V2 =

8. THE FINITE ELEMENT APPROXIMATION

The first step for reaching a finite element approximation
for the dimensionless temperature field 6 is to look for an
approximation for the elements of the sequence [P°, P!,
w2, L.

The following finite element approximation will be con-
sidered for the admissible fields u, for each cell j, when
minimizing I7[u] (see Fig. 2),

Wl —uf)p + ulypy — WUh gy — ub)v

for0=¢d=1,p=v=1,
u =
uliyin)® + Ul + Wl — uligip)v

for0=¢=1,0=v=4¢,

(e

i=j+int (’%) L i=1,2,3,..NM. (21)

ROGERIO MARTINS SALDANHA DA GAMA

In the above equations M and N are such that (M + 1)
and (N + 1) are, respectively, the number of nodes in
the & and 7 directions and “int” denotes the “‘integer
part of.”

In (21) u? is the value of the admissible field u at the
node i.

Combining (14) with (21) the functional /?[u] becomes
the function g” given by

NM
gl =gruf,uj, ..., quH)(MH)) = 2 (A,P + Bf’)
=1

(22)

+

s
Mz

—_

Cr+ > (DY + ER + FY)

k=1

j=

in which A?, B?, C?, D}, E¥,

ot o+ (2 s

s L[ (s

NM;

, and F7 are given as

i=1,23, .., (23)

=~ [ uande= -séan ) Lutc + aser v

§

j=1,2,3,...,NM; (24)

- gAg[ﬁ) U+ #a8) d‘l’lu

i=1,2,3, . M;
a L
S'YZA”’? [fou| del,

k = int (’_71) +1,j=M,2M,3M, ... NM; (26)

p_ & A s _« Lyis
E} 5')’1|;(7,j Jul dn]g_y Slen[folul de-a’

_(i-1 .
=int (=) +1,j=1,M+
k 1nt< ) 1,j=1,M+1,

(25)

o ni+An
DL=%y [jf Iulsdn} =
7 &7y

M +1,.,(N=1)M +1; (27)
Ff’——yl[f"f Y hou dn] ——ylAn[fhgudv] :
& 0 #=0
k=int<j_—1 +1Lj=1,M+1
M ?] b b
DM+ 1,.,(N=1)M + 1. (28)

In (28) the field A7 is defined as
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FIG. 2. The considered finite element approximation and a typical cell j (with elements 2j — 1 and 2j).

hf = hij(v) = h*(1 = (k — v) Am),
0<=v=1,k=1,2,3,..,N.

(29)

From (23), (24), (25), (26), and (27) the expressions for
AP BP, C?, D}, and E} are obtained,

1 u?y — ”Lp)z
P =_ P
4 2““’“( AE
u? —ul .\ (1 1
+< A S &+ A
i Woniy — UWiiinm 2
A¢

ulq — ”f+2+M>2 <1 1 >
* ( An 2 &+ 3 Adlys

i=1,2,3,...NM; (30)

1 1
BY = —A¢Ay {(ufﬂ ~up) (5 &+ EA§>
1 1
- (”€+1+M - Ltf) <§ é:j + §A§>
1 1 1
+ iy <§I + §A§> = (Uligip — uly) <6 &+ §A§>

1 1
+ Ui — Uiy m) <§ ‘f] + ZA§>},
j=1,2,3, .., NM; (31)

cr = gAf{f |y Py — uf Puf
f 60l — )

5

+AE |u§’+1|7 - |uf|7 _ |u§v+1|5”1g+1 — |u1P|5u1P u
Ty —uf)? 6y —uf)  ])
if ufyy # uf;
o =2a¢( g+ Fag) gl
J 5 ] 2 7o

ifuf =ul.,j=12,3,.,M; (32)

D = gy An {|Ui(M+1)|5”ﬁ(M+1) — |”I(Jk+1)(M+l)|5”[(7k+1)(M+1)}
k 2 5
5 6(”i(M+1) - u1(7k+1)(M+1))

Ul a1y 7 Ul 1ym1ys
«a
D} = g’}’z An |MII:(M+1)|5,
lf ui(MJrl) = ukarl)(MJrl)’ k = 1’ 29 3, ceey N’ (33)
|u€k—1)(M+1)+1|5u[(7k—1)(M+1)+1

— P 5,0
|”k(M+1)+1| Up(M+1)+1

(8%
ER =<y An >
5 6(”‘(’1(—1)(M+1)+1 - ”ﬁ(M+1)+1)

if ufk—n(MH)H 7= ui(Mﬂ)u;

_a

E} 5 viAn |Mfk—1)(M+1)+1|5,

if e vy = Weguenys- k= 1,2,3,., N, (34)

while the evaluation of F? will be discussed in the next
section.



346

The approximation for W is, in this case, given by

(WP = WD)+ WPy — (Whhon — WD)
for0=¢=1,¢p=v=1,
(Wigem = Whiia)d + Whipp + (W = WiV
for0=¢p=1,0=v=¢,j=1,2,3,..,NM,
(35)

Pr =

in which W4, W5, WE .. Wiy, 1) me1)-1 and Wiy, are
such that the minimum of g? is given by ghi, = gP(V7,
W, WE, ..., Wivenye))-

9. EVALUATING F},

The term F%, will be given as

F;= Ci(”fk—l)(M+1)+1 - ui(M+1)+1) + dRuf iy

k=1,2,3,..,N.

(36)

The coefficients c¢f, and d#, are given by
1 1
= —y; A johfgudu, a7 = —y, Anjo Ky dv (37)

in which

W= ) = (1 = (k= ) dm) = 3 [ fL (0 v) ot

N

1 - - ’
> jo o[ (P sy — Yharens )V
n=1

+ ‘I’ﬁ(;e,,+1)+1]4K1§k,§<(V, V,) dv',
O0=v=1k=1,2,3,.., N, (38)

where K§#(v, V') is given as.

KEF(n v') = AnZL%{Z —|(v=v +n—-k)Ay|

[ (v=v'"+n—k)An):+ 6y? }
[(v—V +n—k) An)z + 4,},%]3/2

—|(v+ vV —n—k)An+2|

[ (vt v —n—k)An+2)" + 6yt }}
[((v+ v —n—k) An+2)> + 4972 | )

k=1,2,3,..,N:n=1,23,..N. (39

The coefficients ¢, and d% will be approximated by
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L L
&= >

N
P — =P
Ck =M1 A”"I 2 Chkn >
n=1 B,=18,=1

{(f%a((Br = 1) Av, (B2 — 1) Aw)

+f2.((B1 — 1) Av, B, Av))(B1 — 1) Av
+ (fﬁn(Bl AV? (:82 - 1) AV)

2
+ f2.(B1 Av, B, Av))B, Av} <%Av> ,

sz%,k: 1,2,3,., N; (40)

N L L
=y An > db,, db,=> >

=1 B=1 By=1
{(f%u((Br = 1) Av, (B2 — 1) Av)

+ fi((Br — 1) Av, B, Av)

+ fin(Bi Av, (B2 — 1) Av)

2
+ f2.(B1 Av, B, Av)} <%Av> ,

sz%,k:1,2,3, N (41)

in which (L + 1) is the number of nodes for the numeri-
cal integration.

10. THE PROCEDURE FOR MINIMIZING g?

The coefficients W7 in (35) are obtained from the minimi-
zation of the function g7, with (N + 1)(M + 1) independent
real variables.

The procedure used for minimizing g” consists of em-
ploying, successively, a Newton scheme [12] for minimizing
the functions g7, with one real variable.

Defining (X9, X9, X9, ..., X{n+1)(m+1)) as the initial esti-
mate and (X7, X%, X%, ..., X{A+1u+1)) as the estimate
at the iteration m for (W7, W5, W5, ..., Wiy.1)+1))s the
function g% is defined as

g?, = gZ(X) = gP(Xi"“, X'znﬂ, vy qu—ﬁl , X, XZ[H 5 ey XZLVH)(MH))-
(42)

The minimum of g7 is obtained from the root of the
(nonlinear) equation

dgy X
TE=0, g =), “3)

The root of (43) is obtained from the (Newton) itera-
tive scheme
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FIG. 3. Dimensionless temperature 6 versus dimensionless radial position ¢ (the curves A, B, ..., I correspond to = 0.000, n = 0.125, ..., n =
1.000) and versus dimensionless axial position 1 (for part A the curves A, B, ..., I correspond to £ = 0.500, £ = 0.5625, ..., £ = 1.000 and for part
B the curves A, B, ..., I correspond to ¢ = 1.000, ¢ = 1.250, ..., ¢ = 3.000). Obtained with M = N = 8 for « = 1.0, y; = 0.5, and vy, = 1.0 (part A)
and for @ = 10.0, y; = 1.0, and y, = 3.0 (part B). The dashed line represents the constant temperature approximation.

dg[? d2gﬁ Xm+1 — X"
yrtl = yr — 204 / g 44 L 'l=e. 47
dX |x-v+/ dX?|x-y* (44) 1si£(11\ll}§§M+l) Xl € (47)
in which
11. SOME RESULTS
0 _— m m+1l *
Yi=Xg, Xg Y, (45) Figure 3 presents the approximation for 6 obtained for

. . . some given values of «, 1, v,, M, and N. The left side of
where p* is an integer such that, for a given small §, each part presents the curves 6 versus ¢ (for (N + 1) values
of n) while the right side presents the curves and 6 versus
n (for (M + 1) values of £). In this figure the dashed
line represents the constant temperature approximation,
obtained from Eq. (20).

This procedure is repeated until, for a given small ¢, the Figure 4 presents a three-dimensional representation (6
following holds: as function of £ and 7)) for four particular situations.

utl _ yu
\u =5 forp> ut, (46)

Y,U,+l
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Byx= 0,440
2 S| Brm= 0.246

Brx= 0.728
Gype= 0.253

Brex= 0.551
c B8 Buy= 0.370

Bre= 0.205
D Byge= 0.170

FIG. 4. The dimensionless temperature field 0 as a function of ¢ and 7, obtained with M = 8 and N = 8 for « = 50.0, y; = 1.0, and y, = 2.0
(part A), for a = 50.0, y; = 0.5, and y, = 3.0 (part B), for « = 10.0, y; = 0.3, and 7y, = 1.0 (part C) and for « = 100.0, ; = 0.1, and y, = 0.3

(part D).

These results correspond to the minimization of g”’ in
which p’ is an integer such that
pr— el

A\ 44

l

max < 0.00001.

1=i=(N+1)(M+1)

(48)

Figure 5 presents the sequence of intermediate solutions
Wl W2 ¥3 ¥4 P> and W as functions of & the dimen-
sionless radial position. This figure illustrates the conver-
gence to 6.

The curve P! versus ¢ (first iteration) represents the
approximation obtained without nonconvexity effects. The
effect of the reemission from the body to itself may be
observed by comparing the first iteration with subse-
quent iterations.

Figure 6 presents a comparison among four different

approximations (obtained with different M and N) for a
selected situation.

12. FINAL REMARKS

Itis to be noticed that the constant temperature approxi-
mation becomes a good assumption when o — 0.

For instance, for « = 0.0001, vy, = 0.5, v, = 1.0, and
M = N = 8 we have 0, = 7.268 and 6,,;, = 6.931. Compar-
ing the constant temperature approximation (given by Eq.
(20)—in this case 6. = 7.079) with the finite element ap-
proximation (obtained with M = N = 8), the maximum
relative error defined as

E o MAX{| emax - 00|a |0L - 0min|}

(49)

emin

is less than 2.72%.
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FIG. 5. The fields W* (forp = 1,p =2,p =3,p = 4,p = 5, and p = 6) versus the dimensionless radial position ¢ (for n = 0.000 (A), n =
0.250 (B), n = 0.500 (C), n = 0.750 (D), and n = 1.000 (E)), obtained with N = 4 and M = 3 for « = 1.0, y; = 0.5, and y, = 1.0.

On the other hand, if, instead of « = 0.0001 we choose
a = 10.0 (in this case Oy = 0.475, O = 0.358, and 6, =
0.398), the maximum relative error (E.,) is 21.5%. For
a = 0.01 we have E,, = 4.81% and for o« = 1.0 we have
Eax = 13.4%.

Some issues of convergence and accuracy may be dis-
cussed based on Figs. 5 and 6. In Fig. 5 it is easy to see
that for p = 5 the convergence has been reached. In fact,
for all the numerical simulations carried out (in addition
to the ones presented in this work), the convergence was
reached for p = 10. The worst case (among the ones simu-
lated) was observed for a = 100.0, y; = 0.1, and y, = 0.3
using M = N = 6. In such case the convergence (inequality
(48)) was reached for p = 10.

The relation between accuracy and grid is illustrated in
Fig. 6. In general, with M = N = 6, a good accuracy was
observed in the simulations carried out.

APPENDIX I: EVALUATING THE ERROR IN THE
ENERGY BALANCE

This work is concerned with a steady-state energy trans-
fer process in a body with known internal heat generation
surrounded by a vacuum. In other words, the amount of
energy leaving the body by thermal radiation must be equal
to the amount of energy generated in the body.

The energy, per unit time, generated in the body (in its
dimensionless form) is given by

Eq= [ 1av=n(y—-¥). (AL1)

The energy, per unit time, lost by thermal radiation (in
its dimensionless form) is given by

Ee= |

+ [ j Zza042ﬂ§d§]

! a2y, dn] + [jl af2my, dn}
0 £y, 0

—

5:72

(AL2)

n=1

1 (1
- [LL“WK*W 77’)61776177’}§

=y,

If 0 is the exact solution, Ex must be equal to Eg. In
the cases where 6 is obtained from a numerical approxima-
tion, the following quantity provides a measure of the nu-
merical error in the energy balance

A =|Es — Eg|/E;. (AL3)

For instance, when a = 50.0, y; = 0.5, and y, = 3.0 (in
this case E; = 27.49), the error “A” is given by
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FIG. 6. Dimensionless temperature 6 versus dimensionless radial po-
sition ¢ obtained with M = 1 and N = 1 (for n = 0.00 (A) and n = 1.00
(B)), with M = 2 and N = 2 (for n = 0.00 (A), n = 0.50 (B), and n =
1.00 (C)), with M = 4 and N = 4 (for n = 0.00 (A), n = 0.25 (B), n =
0.50 (C), n = 0.75 (D), and = 1.00 (E)) and with M = 8 and N = 8
(for n = 0.00 (A), n = 0.125 (B), n = 0.25 (C), n = 0.375 (D), n = 0.50
(E), 7 = 0.625 (F), n = 0.75 (G), n = 0.875 (H), and n = 1.00 (I)) for
a = 50.0,y, = 1.0, and y, = 2.0.

A =0.0004 (whenM=N=1)
A =0.1810 (whenM =N =2).

(AL4)
(ALS)

The error may be evaluated also from the difference
between the energy, per unit time, generated in the body
and the energy, per unit time, reaching the body boundary
by conduction.

The energy, per unit time, reaching the body boundary
(in its dimensionless form) is given by

Ec= fan — grad 6-n dS. (AL6)

ROGERIO MARTINS SALDANHA DA GAMA

If 6 is the exact solution, then E- = Es. So the error
A’ may be defined as
A= |EG - EC|/EG (AI7)

For instance, when « = 50.0, y; = 0.5, and y, = 3.0 (the
same case considered above), the error “A’” is given by

A'=0.7377 (whenM =N=1)
A =04461 (whenM = N =2).

(ALS)
(AL9)

The use of A and A’ as an error estimate for numerical
calculations may be unrealistic. This assertion may be illus-
trated as follows:

Suppose that « = 50.0, y; = 0.5, and y, = 3.0. In this
case, under the constant temperature approximation, the
obtained dimensionless temperature is 6 = 0.3287.

Now, consider the linear problem

19 (,00\ %6
——|é=|+—=+1= <E< <n<
§a§<§a§> (97]2 1 0’ Y1 g '}’270 Ui 1a
6=03287 foré=rvy,,é=v,,andn=1, (AL10)
8_0:0 forn = 0.
an

Evaluating Er and E. employing the exact solution of
(AIL10) it is easy to see that

Nevertheless, 6 is not a solution for (12).
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